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Given a matroid M with distinguished element e, a port oracle with respect to e reports 
whether or not a given subset contains a circuit that  contains e. The first main result of this paper 
is an algorithm for computing an e-based ear decomposition (that is, an ear decomposition every 
circuit of which contains element e) of a matroid using only a polynomial number of elementary 
operations and port oracle calls. In the case that M is binary, the incidence vectors of the 
circuits in the ear decomposition form a matrix representation for M. Thus, this algorithm solves 
a problem in computational learning theory; it learns the class of binary matroid port (BMP) 
functions with membership queries in polynomial time. In this context, the algorithm generalizes 
results of Angluin, Hellerstein, and Karpinski [1], and Raghavan and Schach [17], who showed 
that certain subclasses of the BMP functions are learnable in polynomial time using membership 
queries. The second main result of this paper is an algorithm for testing independence of a given 
input set of the matroid M. This algorithm, which uses the ear decomposition algorithm as a 
subroutine, uses only a polynomial number of elementary operations and port oracle calls. The 
algorithm proves a constructive version of an early theorem of Lehman [13], which states that  the 
port of a connected matroid uniquely determines the matroid. 

1. I n t r o d u c t i o n  

Given a matroid M with distinguished element e, the port of M with respect 
to e is the set of circuits of M that  contain e. A port oracle for M with respect to 
e reports whether or not a given subset contains a circuit that  contains e. In this 
paper we present port  oracle algorithms for solving two problems. 

We begin with an algorithm that  computes an e-based ear decomposition (that 
is, an ear decomposition every circuit of which contains element e) of a matroid. It 
runs in polynomial time (in the number of elements of the matroid), and performs 
a polynomial number of port  oracle calls. The algorithm also has an application 
in the field of computational learning theory; it learns the class of binary matroid 
port functions with membership queries in polynomial time. (This learning theory 
application was described in a preliminary version of this paper [8]). The algorithm 
generalizes results of Angluin, Hellerstein, and Karpinski [1], and Raghavan and 
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Schach [17], who showed that certain subclasses of the BMP functions are learnable 
in polynomial time using membership queries. 

We also present an algorithm that simulates an independence oracle for a con- 
nected matroid M using a port oracle for M with respect to a fixed element e. 
This algorithm, which uses our first algorithm as a subroutine, makes a polyno- 
mial number of port oracle calls and runs in polynomial time. Thus port  oracles 
and independence oracles are polynomially equivalent for connected matroids. It 
is well known that  other matroid oracles, such as basis, circuit, and rank oracles 
are polynomially equivalent to independence oracles. The question of oracle equiv- 
alence for general independence systems (not just matroids) has been studied by 
Hausmann and Korte [7]. Our algorithm proves a constructive version of an early 
theorem of Lehman [13], which states that  the port  of a connected matroid uniquely 
determines the matroid. 

Before presenting our algorithms, we begin in Section 2 by discussing relevant 
previous work in computational learning theory, and describe the relation of our 
ear decomposition algorithm to that work. In Section 3, we explain the terminology 
from matroid theory that  is used in this paper. Then, in Section 4 we define the 
computational model that we use to determine the running time of our algorithms. 
The remainder of the paper is devoted to the algorithms and conclusions. 

2. C o m p u t a t i o n a l  l e a rn ing  t h e o r y  and  b i n a r y  m a t r o i d  p o r t  f u n c t i o n s  

In this section we describe the relation of our ear decomposition algorithm 
to problems in computational learning theory. A brief explanation of the relevant 
terms from matroid theory can be found in the next section. 

A binary matroid port (BMP) function is a boolean function that  is computed 
by the port oracle of a binary matroid. More precisely, it is a boolean function 

f :  {0,1} V --, {0,1} such that V =  {xl , . . .  ,Xn}, and there exists a binary matroid M 

on the elements V[.J{e} (where e r V), such that  for all a E {0,1} V, f (a)= 1 iff the 
port  oracle of M with respect to e would output  "yes" on the set {xi la(xi) = 1} U{e}. 

BMP functions are monotone boolean functions. A boolean function f : 

{0,1} V --* {0,1} is monotone if given any pair a,a' E {0,1} V such that  for all x i E V, 
a(xi) <_a'(xi), the following relation holds: f (a)< f(a'). 

Lehman gave a characterization of BMP functions in terms of minterms and 
maxterms [13]. A subset S C_ V is a minterm of a monotone boolean function 

f :  {0,1} V --~ {0,1} if for all assignments a E {0,1} V setting the variables in S to 
1, f(a) = 1, and S is minimal with respect to this property. A maxterm of f is 

defined dually; T C_ V is a maxterm of f if for all assignments a C {0,1} V setting 
the variables in T to 0, f (a)= 0, and T is minimal with respect to this property. 
Lehman proved that a BMP function is a monotone boolean function with the 
property that for every minterm S of the function, and for every maxterm T of the 
function, ISAT I is odd. 
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Seymour gave a forbidden minor characterization of binary clutters [19]. A 
binary clutter is the set of all minterms of a BMP function. 

Our ear decomposition algorithm gives an algorithm for learning BMP func- 
tions in the membership query model of learning. The membership query model 
is one of the simplest models in computational learning theory. In this model, 
the learning algorithm must identify a hidden function f taken from a fixed (and 
known) class of functions C. The algorithm is given the domain of f and has ac- 
cess to a black box which answers membership queries for f .  A membership query 
asks for the value of f on a point in its domain. Using membership queries, the 
algorithm must determine and output (a representation of) the function f .  In the 
context of algebraic functions, this model is sometimes called black boz interpola- 
tion. An algorithm learns a class C of functions with membership queries if, given 
access to a membership oracle for any function f in C, the algorithm will output  
(a representation of) the function f .  When C is the class of binary matroid port  
functions, then the membership oracle for a function f E C is essentially equivalent 
to the port  oracle for the associated binary matroid M with respect to e. 

There are few classes of boolean functions known to be learnable in polynomial 
time with membership queries. Angluin, Hellerstein, and Karpinski gave a polyno- 
mial time membership query algorithm for learning the class of read-once formulas 
over the basis (AND, OR) [1]. A boolean formula over (AND,OR) is a rooted tree 
whose internal nodes are each labeled AND or OR, and whose leaves are labeled 
with variables. It computes a boolean function in the natural way, from leaves to 
root. A formula is read-once if no variable appears at more than one leaf. Read- 
once formulas are an example of a class of formulas learnable in polynomial time 
with membership queries, but not in Valiant's PAC learning model [1] (unless RP 
= NP). 

Raghavan and Schach subsequently showed that  a generalization of read-once 
(AND,OR) formulas, the class of switch configurations, is also learnable in poly- 
nomial time with membership queries [17]. A switch configuration is a monotone 
boolean function that is defined by a connected graph containing two distinguished 
vertices s and t. The variables of the function are the edges in the graph, and the 
output  of the flmction is 1 on an assignment if the variables set to 1 contain an s-t 
path. Read-once formulas over (AND,OR) compute the same set of functions as 
switch configurations of series-parallel graphs. 

Switch configurations can be shown to compute the class of BMP functions 
defined on graphic matroids (graphic matroids form a proper subclass of the binary 
matroids), as follows. Consider the graph of a switch configuration, and consider 
adding a new edge e between s and t. Let M be the associated graphic matroid. 
Then the output  of the switch configuration function is 1 iff a subset of the edges 
set to 1 form a circuit with e, or equivalently, if the port oracle of M with respect 
to e outputs "yes" given e and the edges set to 1. 

It can also be easily shown that  switch configurations satisfy Lehman's alter- 
nate characterization of BMP functions. A minterm of a switch configuration is 
the set of edges in an s-t path. A maxterm is the set of edges in a minimal s-t 
cut. Every s-t cut separates the graph into an s-component and a t-component. 



192 COLLETTE R. COULLARD, LISA HELLERSTEIN 

Since each s-t path begins in the s-component and ends in the t-component, each 
path and each minimal cut intersect in an odd number of edges. Therefore a switch 
configuration satisfies the property that for each minterm S and each maxterm T, 
ISnT I is odd. 

There are classes of BMP functions other than switch configurations. Seymour 
gave a forbidden minor characterization of switch configurations and presented a 
few BMP functions that are not switch configurations [20]. For example, let G be 
a graph. Define a boolean function on the edges of G whose output  is 1 on a given 
assignment iff the edges set to 1 contain an odd cycle of G. This is a BMP function, 
but is not, in general, a switch configuration. 

The problem of learning switch configurations with membership queries is 
motivated by the following reverse-engineering problem. (See Figure 1.) 

X 1 

X 1 X 2 X 3 X 4 X 5 

Fig. 1. Configura t ion  of electrical switches h idden in black box. Toggles a t  b o t t o m  open and  
close associa ted  electrical switches  

Consider a black box containing n electrical switches arranged in some un- 
known interconnection pattern (graph) with two terminals s and t. Joining the two 
terminals are a bat tery and a light bulb, connected in series. Each electrical switch 
inside the black box is controlled by a toggle on the outside of the box that  can 
open and close the switch. The bulb lights up when an electrical circuit is formed 
with the bulb and a subset of the closed switches. Thus the function determining 
whether the light bulb is lit is precisely the switch configuration function of the 
graph. The goal of the reverse-engineering problem is to determine the configura- 
tion of the switches by repeatedly manipulating the toggles and observing the state 
of the bulb. Such experiments are equivalent to asking membership queries about 
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the switch configuration function. In fact, it is often impossible to determine the 
hidden configuration exactly because many functionally equivalent switch configu- 
rations can exist. Raghavan and Schach's algorithm outputs a graph (i.e. switch 
configuration) that is functionally equivalent to the hidden one. 

In matroid theory terms, Raghavan and Schach's algorithm builds the graph 
of a connected graphic matroid using a port oracle. In fact, their algorithm builds 
a graph as it learns and is quite complex for that  reason. The output of our 
algorithm is an ear decomposition of the matroid. An ear decomposition of a 
connected binary matroid forms a basis for the circuit space of the matroid, and 
gives a representation of the BMP function. This representation, like the graphic 
representation, is polynomially evaluatable. That  is, given an input to the associated 
BMP function, the output of the function can be computed from the representation 
in polynomial time. If the BMP function is, in fact, a switch configuration, then 
existing graph realization techniques [4, 3, 5, 24] can be used to convert the basis 
representation into a graph representation in polynomial time. 

We note that  there are classes of boolean functions other than BMP functions 
that  are learnable in polynomial time with membership queries. An example is the 
class of read-once formulas over the basis of boolean threshold gates [2]. 

It is possible to show that  the consistency problem for BMP functions is NP- 
complete. Therefore, BMP functions cannot be learned in polynomial time in 
Valiant's PAC learning model unless RP = NP [16]. Because read-once formulas 
represent a subclass of the BMP functions, it follows immediately from the results 
in [11, 12] that,  unless certain cryptographic schemes can be broken in polynomial 
time, BMP functions also cannot be learned in polynomial time in the more general 
PAC prediction model. 

3. M a t r o i d  def in i t ions  

We give some definitions concerning matroids. For a thorough introduction, 
we suggest [14] or [25]. 

A matroid M is defined by giving its ground set E and its collection ~ of 
subsets of E called circuits. In order for M = ( E , ~ )  to be a matroid, the following 
circuit axioms must hold: 

cL 0r 
C2. no member of g is a proper subset of another, and 
C3. if C1 and C2 are distinct members of ~ with eEC1MC2, then there is a C C ~  

with C_C (C1UC2) - {e}. 
Axiom C3 is called the circuit elimination axiom. In fact, the following strong 

circuit elimination property, which we will use throughout the paper, also follows 
from the above axioms. 

Property 1 (Strong Circuit Elindnation). If C1 and C2 are members of ~ with 
eEClnC2 and f CC1-C2,  then there is a C E g  with f C C  and CC_ (C1UC2)-{e}. 
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A subset A of E is independent if A contains no circuit of M. An independence 
oracle for matroid M is a function on subsets A of E that  has value 0 (or "no") if 
A contains a circuit and 1 (or "yes") otherwise. 

Given matroid M = (E, ~) and distinguished element e C E, the port Me of M 
with respect to e is the collection Se of circuits of M that  contain e. A port oracle 
for M, with respect to e, is a function on subsets A of E that  has value 1 (or "yes") 
if A contains a circuit of M containing e (that is, A contains a member of ~e), and 
0 (or "no") otherwise. 

Given a subset X of E, M \ X  (read "M delete X")  is defined as follows. The 

ground set is E l =  E -  X, and the collection of circuits is ~ =  { C : C  C ~ and C C 

E - X } .  The pair (E' ,V')  is a matroid. Given a subset Y of E, M / Y  (read "M 
contract Y") is defined as follows. The ground set is E / t=  E - Y ,  and the collection 

of circuits is $ ' ,  the minimal nonempty members of { C -  Y : C C g}. The pair 

(Et/, $t/) is a matroid. Contraction and deletion commute. Given disjoint subsets 
X and Y of E,  the matroid M \ X / Y  is called a minor of M. 

A block of a matroid M = (E, ~) is a maximal nonempty s u b s e t / )  of E with 

the property that  for every pair of elements e, f i n / ) ,  M has a circuit containing 
both e and f .  It is a well-known property of matroids that  if elements e and f are 
in some circuit of M and elements f and g are in some circuit of M, then e and g 
are in some circuit of M. (See Proposition 4.1.2 of [14].) Therefore, the blocks El ,  
E2, ..., Ek of M form a partit ion of E.  Moreover, each circuit of M is completely 
contained in one block. Thus, the blocks define a partit ion $ 1 , g 2 , . . . , $ k  of the 
circuits Ir The matroids M i = (Ei,gi) are called the connected components (or 
simply components) of M. If M has only one component, then M is said to be 
connected. 

A partial ear decomposition of matroid M is a nonempty sequence C1, C2, . . . ,  Ck 
of circuits of M such that  for every i E {2, . . . ,  k} the following three properties hold: 

El. Cir~(Cl U...UCi_l)7s 
E2. Ci-(CiU.. .UCi_l)7s and 

E3. no circuit C~ of M satisfying E1 and E2 also has C ~ - ( C l U " - U C / - 1 )  properly 

contained in C / -  (C1U.. .  UCi-1).  
For i = 2. . .  k, the lobe of circuit Ci is the set Ci - (C1 U. . .  U Ci-1) ,  which 

we denote by Ci. Property E3 is called the minimality property of the lobe Ci of 
circuit Ci. 

An ear decomposition of M is a partial ear decomposition in which C1 U. . .  U 
C k = E. A single circuit comprises a partial ear decomposition, and any partial 
ear decomposition can be extended to a (full) ear decomposition, provided M is 
connected. Thus, every connected matroid M has an ear decomposition. 

Given an element e of M, an ear decomposition (or partial ear decomposition) 
of M is e-based if each of its circuits contains e. Every connected matroid M has an 
e-based ear decomposition, with respect to any fixed element e. This can be seen 
as follows. First, since M has a circuit C1 containing e, this circuit comprises a 
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part ial  e-based ear decomposition. Now 
C1, ..., Ci-1, let C1, . . . ,  Ci-1,  C~ be 
does not contain e. Let Cj be a member  

C~NCj r 0. Let f E C~NCj and let g C d~. 
e and f are in a circuit and f and g are 
e and g. I t  follows that  C1, . . . ,  Ci-1, 
of M. 

Given that  C1 is the first circuit in 

C1 is defined to be the set C1 - { e } .  

given a partial  e-based ear decomposition 
a partial  ear decomposition. Suppose C~ 
of the partial  ear decomposition such that  

Now in the minor M\(E-(CjUC~)), since 
in a circuit, some circuit Ci contains both  
Ci is a partial  e-based ear decomposition 

some e-based ear decomposition, the lobe 

The first algorithm in this paper constructs an e-based ear decomposition using 
a por t  oracle. 

The statement  "A C B" means A is a proper subset of B. 

A matroid M =  (E ,g )  is binary if there exists a vector space ?J over GF[2] that  
satisfies the following properties: 

1. The vectors of ?~ are binary, of length IEI, and are indexed by the elements of 
E.  

2. For g C V ,  let supp(g)= {e E EIg[e ] = 1}. Then g corresponds to the nonzero 

vectors of minimal support  in ~ .  Tha t  is, letting 6 denote the zero vector, 

= {supp(~)l ~E V - {6} and ~v 3 E ?~ - {6} with supp((/) C supp(g)}. 

The space ?~ is unique and is called the circuit space of M. If A] is a nonzero 

vector in ?) then supp(A) is the union of disjoint circuits of M. 

If M is a connected binary matroid, then the characteristic vectors of an ear 
decomposition of M form a basis for the circuit space of M. Because this is not a 
s tandard fact about  binary matroids, we present a proof. 

Claim 3.1. Let C1, ..., Ci be an ear decomposition of a connected binary matroid 
M. Let 671,..., Ci denote the characteristic vectors of C1, . . . ,  Ci. Then {C1,..., Ci} 
is a basis for the circuit space of M. 

Proof. We show by induction on j that  for each j = 1, . . . ,  i, every circuit 
C C_ C1 U...UCj is generated by the circuits C1, . . . ,  Cj. For the base case, the 
only circuit contained in C1 is C1 itself. If  C C_ C1U...UCj_I, then we are done 

by induction. If not, then C - ( C 1  U.. .  @ Cj-1)= Cj, by the minimali ty of lobe Cj 

and the fact that  Cj cannot contain C. But then the symmetr ic  difference D of 
C and Cj is the disjoint union of circuits contained in C1 U.. .  U Cj-1 and thus, by 
induction, is generated by C1, ..., Cj-1. Now, C is the symmetr ic  difference of D 
and Cj. I 

Therefore, for connected binary matroids, an ear decomposition uniquely de- 
termines the matroid. Moreover, given a basis for the circuit space of a binary ma- 
troid, it is possible in polynomial t ime to simulate a port  oracle as follows. Form 
a binary matr ix  whose rows span the space orthogonal to the circuit space. Deter- 
mining whether a set A contains a circuit containing e is equivalent to determining 
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whether some subset of the columns indexed by the elements of A is minimally 
linearly dependent (over GF[2]), and includes the column indexed by e. This lat- 
ter problem can be solved by standard linear algebraic techniques. This justifies 
our earlier claim that,  when used to learn BMP function, our ear decomposition 
algorithm outputs a polynomially evaluatable hypothesis. 

An important subclass of the binary matroids are the graphic matroids. A 
graphic matroid M = (E ,$ )  corresponds to a graph with edge set E.  The circuits 
in $ are the edge sets of the simple cycles in the graph. 

4. C o m p u t a t i o n a l  m o d e l  a n d  r u n n i n g  t i m e s  

In determining the running time of our algorithms, we use the model of An- 
gluin, Hellerstein, and Karpinski [1]. This model is essentially a unit-cost random 
access machine modified to handle queries. Queries are given as bit strings placed 
in consecutive registers of the machine, one bit per register. A query is performed 
by an instruction that  specifies the location of the query and the part  of memory 
where the answer to the query should be placed. Queries are assumed to be an- 
swered in constant time. If two queries differ in only a constant number of bits, then 
the first query can be modified to produce the second in constant time. However, 
it takes O(n) time to set up an n-bit query from scratch. 

The time bound given for the algorithm of Raghavan and Schach for learning 

switch configurations is O(IEI 2) in the above model. It is difficult to verify the 
complexity of their algorithm as crucial sections of it are only sketched in their 
paper. However, they do show that  the total number of times a query bit is set 

is indeed O(IEI2). With respect to the reverse engineering problem for switch 
configurations, this corresponds to the number of times the position of an electrical 
switch is set. Our ear decomposition algorithm, which learns the broader class of 

BMP functions, runs in time O(IEI3). The number of times query bits are set is 

also O(IEI3). The algorithm makes O(IEI 2) queries. 

5. C o n s t r u c t i n g  an  e - B a s e d  E a r  D e c o m p o s i t i o n  

Let M be a connected matroid on E and let e be a member of E.  In this 
section we give a polynomial algorithm for finding an e-based ear decomposition of 
M using a port oracle. 

The first step in constructing an e-based ear decomposition of M is finding 
a circuit of M containing element e. That  is the purpose of the greedy reduction 
procedure presented next. 

Next we describe how to extend a partial (but not full) e-based ear decompo- 
sition by one more circuit. Note that if we run the greedy reduction procedure on 
an arbitrary input A, it may return a circuit that  does not extend the partial e- 
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based ear decomposition, or is perhaps even a circuit that  is already in the current 
decomposition. Ou~ solution is to construct a special "test set" of inputs. The con- 
struction guarantees that  if we run the greedy reduction procedure on the inputs 
in the test set (as described below), and if the partial e-based ear decomposition is 
not full, then we will find a circuit that  extends it. 

P r o c e d u r e  G r e e d y  R e d u c t i o n  

Input: Fini te  set  E,  e E E ,  connected  mat ro id  M on E given via por t  oracle wi th  respect  to e, 
and  ACE. 

Output: Circui t  C of M conta in ing  e conta ined in A, if such a circuit  exists .  

Query  the  por t  oracle on inpu t  A. 

If A does not  conta in  a circuit  conta in ing  e, t hen  

r e tu rn  "Fail." 

For each e lement  a E A - {e}, 

Que ry  the  por t  oracle on inpu t  A -  (a}.  

If A - {a} conta ins  a circuit  conta in ing  e, t hen  

remove a f rom A. 

R e t u r n  A. 

The construction and use of the test set is explained and justified in the next 
five lemmas. In each of these lemmas, assume the following: C1, C2, . . . ,  Ci is 
a partial e-based ear decomposition. For j = 1, . . . ,  i, let Ej = C1 U. . .  U Cj. 

Lobe C I = C I - { e }  and for j = 2 ,  . . . ,  i, lobe ~ ' j = C j - E j _ I .  Also assume set 

G = {gl, g2, . . . ,  gi} is a fixed arbitrary set of members of C1, C2, -. . ,  Ci, respectively. 

Lemma 5.1. Let C be a circuit of M contained in Ei and let Cj be the last circuit 

in the partial ear decomposition whose lobe meets C. Then Cj C C. 

Proof. Circuit C cannot be contained in Cj, because no circuit properly contains 

another. Thus, C meets both E j - 1  and Cj. The lemma now follows from the 

minimality property of Cj. | 

t e m m a  5.2. The set E i - { g l , . . . , g i }  is independent in M,  and for each j = l , . . . , i  

a n d  e a c h  q C  C j ,  t h e  s e t  (CjUCj+lU.. .UCi)-{q,gj+l, . . .  ,gi} i s  independent in M. 
(Note that the element q may or may not be equal to gj.) 

Proof. Both conclusions follow directly from Lemma 5.1. | 

Lemma 5.3. For every circuit C that meets both Ei and E - E i ,  there is a circuit 
C I that meets both Ei and E - E i ,  contains no member of {gl , . . . ,g i} ,  and such 

that C' - E i C C - E i. 

Proof. Let C be a circuit that meets both Ei and E - E i .  Let C t be a circuit that  
meets both Ei and E - E i ,  has C l -  Ei C_ C - E i ,  and such that  the last in the 
sequence g l , . . .  ,gi belonging to C / is as early in the sequence as possible. Suppose 
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CIf3{gl, ... ,gi} 7 s Let gk be the last in the sequence gl,  . . . ,  gi that  is in C .  Let f 

be in C ~- El. By strong circuit elimination, there is a circuit C'r (C k U C ' ) -  {gk} 
with f C C ~. But this C ~t contradicts the choice of C .  | 

For a given G = { g l , . . . , g i }  as defined above, the test set of G is the collection 

of subsets of E defined as follows. T~ = E - G  is in the test set, and for each j = 1, 

. . . ,  i and each element qECj ,  the set T G ( j , q ) = ( C j U C j + I U . . . U C i U ( E - E i )  ) - 

{q,gj+l, . . .  ,gi} is in the test set. 

Lemma 5.4. For every circuit C that meets both Ei and E - E l ,  there is a member T 
of the test set and a circuit C tl containing e, such that C Ir C_ T and ClI -Ei  C_ C - E l .  

Proof. Let C be a circuit that  meets both Ei and E - E l .  By Lemma 5.3, there 
is a circuit C p that  meets both E i and E - E  i and contains no member  of G and 

such that  C I - E i  C_C-Ei .  If C I contains e, then we are finished, because CIC_T~. 

Assume C I does not contain e. Let Cj be the first lobe from the sequence C1, . . . ,  

Ci that  meets C ~, and let q be in Cj n C  I. By strong circuit elimination, M has a 

circuit CH C_ (C jUG' ) - {q}  that  contains e. Now C " - E i  C C - E i  and C " C  TG(j, q), 
as desired. | 

Let Yl, . . . ,  Yk be a fixed ordering of the elements in E - E i .  For each member  
T of the test set that  contains a circuit containing e, let CT C T be the circuit 
containing e remaining after applying greedy reduction to T beginning with the 
elements of E - E i  in the fixed order, followed by the elements in Ei in some arbi trary 
fixed order. Let Ci+l be a circuit in {C T I T is a test  set} whose incidence vector on 
{Yl,...,Yk} is lexically smallest. (Binary vector x is lexically smaller than binary 
vector y if the binary number represented by x is less than the binary number 
represented by y.) 

Lemma 5.5. Circuit Ci+l is well defined and meets both Ei and E - E i .  Moreover, 
there is no circuit C that meets both E i and E -  E i with C -  E i C Ci+l - El. 

Proof. Since M is connected, there is some circuit that  meets both  Ei and E - E i .  
Thus, by Lemma 5.4, at least one test set contains a circuit containing e, and 
thus Ci+i is well defined. Since Ci+l contains e, it certainly meets Ei, and 
by Lemma 5.2, it must also meet E -  El. Finally, suppose a circuit C exists 
that  meets both Ei and E - E i  and satisfies C - E i  C C i + l - E i .  Then by 

Lemma 5.4, there is a test set T and a circuit C ~p containing e such that  C ~p C_ T 
and C II - Ei C C - E i C Ci+l - Ei. First suppose C It - Ei = CT - Ei. Then, since 

ClI-Ei  C Ci+l -E i ,  we have that  Ci+l is lexically greater than CT, a contradiction. 

Therefore, C II- Ei ~ C T - E i .  Let yp be the first from Yl, . . . ,  Yk contained in only 

one of C II, C T. Suppose yp E CI--CT . Then since CtI -Ei  C C i + l - E i ,  we have that  

Ci+l is lexically greater than CT, a contradiction. Therefore, yp E C T - C ' .  But at 
the time yp was considered during greedy reduction of test set T, what remained 
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of T still contained C I/after yp was removed. Thus yp should have been left out of 
CT, contradicting yp C C T. | 

By Lemma 5.5, Ci+l is an appropriate next circuit in our partial ear decom- 
position. Thus, Lemmas 5.2 through 5.5 provide the justification for the following, 
preliminary, ear-decompositi9 n algorithm. We will modify this algorithm below to 
obtain our final algorithm, which has lower query complexity. 

E a r  D e c o m p o s i t i o n  A l g o r i t h m  I 

Input:  Fini te  set E,  d i s t inguished  element  e E E,  connec ted  ma t ro id  M on E given via  por t  
oracle wi th  respect  to e. 

Output: e-baaed ear  decomposi t ion  of M.  

[Construct  1st circuit] 

Apply  greedy reduct ion  to E to ob ta in  circuit  C 1 conta in ing  e. 

Set i = 1 .  

Unt i l  E - E  i = ~ ,  do the  following: 

[Construct (i + 1)st Circuit l 
Order  m e m b e r s  of E -  Ei ,  obta in ing  {Yl . . . .  , Yk}; 

and  give the  m e m b e r s  of  E i a fixed order. 

Select gi C Ci. 

Cons t ruc t  tes t  set. 

For each m e m b e r  T of tes t  set,  

Apply  greedy reduct ion  to T beg inn ing  in order wi th  

{Yl , - . .  ,Yk} ,  followed by the  m e m b e r s  of E i in the  

fixed order. If a circuit  is obta ined,  call it C T. 

Let C i + l  be a m e m b e r  of {C  T I T is a tes t  set} whose 

incidence vector  on {Yl , . . . ,Yk}  is lexically smal les t .  

Inc remen t  i. 

Theorem 5.1. / f  M = (E,~)  is a connected matroid and e is an element of E, 
then Ear Decomposition Algorithm I finds an e-based ear decomposition of M. 

Moreover, this algorithm makes at most O([E] 3) port-oracle queries, and can be 

implemented to run in time O(IEI3). 

Proof. The correctness of the algorithm follows from Lemmas 5.2 through 5.5. To 

see that  the algorithm makes O(IEI 3) queries, first note that  O(IEI) circuits are 
constructed. To construct each circuit, O(IEI) sets comprise the test set, and 
greedy reduction on each requires O([EI) port oracle queries and O(IE[) time. 
Finally, choosing a circuit with lexically smallest incidence vector on {Yl,...,Yk} 

can be done with at most O([E[ 2) bit comparisons. Thus, constructing each circuit 

requires O([E] 2) oracle queries, yielding an algorithm that  makes O([E[ a) queries 

and runs in time O(IEI3). | 

Note that  the Ear Decomposition Algorithm can be modified so that  when 
applied to an arbitrary (not necessarily connected) matroid, the result is an ear 
decomposition of the component containing element e. It suffices to add that  the 
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a lgor i thm t e rmina te s  if e i ther  the  cons t ruc t ion  of C1 fails, or if the  se t  {CT I T is 
a ~ tes t  set} is empty.  

Next  we give a modi f ica t ion  of the  above a lgo r i thm which p e r f o r m s  only 

O(]EI2~i queries and  runs  in t ime  O(IEI3).  The  idea  is t h a t  we can avoid pe r fo rming  
greedy reduc t ion  of every~tes t set  member .  

Ear Decompos i t ion  Algorithm II  
Input: Finite set E, distinguished element e E E, connected matroid M on E given via port 

oracle with respect to e. 
Output: e-based ear decomposition of M. 

]Construct 1st circuit] 
Apply greedy reduction to E to obtain circuit C 1 containing e. 
Set i--1. 
Until E -  E i = 0, do the following: 

[Construct (i + 1)st Circuit] 
Order members of E -  Ei, obtaining {Yl,..., Yk }. 
Select gi E Ci. 
Construct test set, and order its members. 
For l=1,  . . . ,  k, 

Consider in order the test set members, stopping if a "yes" 
answer is obtained: 

choose a test set member T and query the port oracle 
on input T-{yt} .  

If a "yes" answer was obtained, then 
delete from test set all members yielding "no" answer; 
replace each remaining T with T -  {Yl}. 

Choose first remaining member T of test set. 
Apply greedy reduction to T to obtain Ci+ 1. 
Increment i. 

T h e o r e m  5.2. I f  M = (E,~)  is a connected matroid and e is an element of E,  
then Ear Decomposition Algorithm II  finds an e -based  ear  decomposition of M.  

Moreover, this Algorithm makes at most O([E[ 2) port oracle  queries and can be 

implemented to run in time O(]E[3). 

Proof .  The  correctness  of the  a lgor i thm follows from L e m m a s  5.2 t h r o u g h  5.5, 
p rov ided  we can argue t ha t  a circui t  Ci+l is ob ta ined  in each i t e ra t ion ,  and  t h a t  
i t  i s  a c i rcui t  lexical ly  smal les t  on {Yl , . . . ,  Yk}, j u s t  like in A l g o r i t h m  I. F i r s t ,  no te  
t h a t  before the  tes t  set  is a l te red  in any way, a t  least  one m e m b e r  of the  tes t  set  
conta ins  a c i rcui t  conta in ing  e. 

A lgo r i t hm II  differs from A l g o r i t h m  I in t h a t  the  greedy  r educ t ion  on the  
m ember s  of the  tes t  set is done in paral lel ;  t h a t  is, the  e lement  Yl is checked for 
removal  from each, followed by Y2, and  so on. In  add i t ion ,  in s t ead  of  checking 
each set, we only check unt i l  one set is found to st i l l  conta in  a c i rcui t  con ta in ing  e 
af ter  t h e  current  yj is removed.  Then  we cont inue under  t he  a s s u m p t i o n  t h a t  the  

r ema in ing  (unchecked)  sets also conta in  such a circuit ,  r emoving  yj from t h e m  as 
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well. We discard all checked sets found not to contain such a circuit. After such 
a pass, the first set remaining on the list certainly contains a circuit containing e. 
This is clearly still true after a pass where no "yes" answer was obtained, since no 
sets are changed in such a pass. Thus, after all the members  of {Yl,.. . ,Yk} have 
been considered, the first test set member remaining contains a circuit containing 
e, as required. 

The fact tha t  the circuit C found is lexically smallest on {Yl,.. . ,Yk} is seen 
as follows. Let T be the test  set member containing C. If some test  set member  
T I contains a lexically smaller such circuit C/, then let Yl be the first element in C 
tha t  is not in C ~. Now T ~ would have passed all checks passed by T up until Yl was 
considered, and T I would have passed the Yl check, whereas T would have failed it, 
a contradiction. 

The number of queries is calculated as follows. There are at most ]E] circuits 
tha t  are added to the partial  ear decomposition throughout the algorithm. The 
first circuit in the decomposition is generated with O(]EI) queries. Let us count 
the oracle queries needed to construct each additional circuit Ci+l. For each l =1 ,  
. . . ,  k, for which no "yes" answer was obtained, there is one "no" answer for each of 
the at most IEI test set members; that  is, at most ]E I "no" answers. This happens 

once for each Yl in Ci+1, for a total  of at most IEICi+I queries. Tha t  accounts 
for some of the "no" answers. Each remaining "no" answer is accompanied by one 
"yes" answer and results in deletion of a test set member.  Thus, there are at most 
IEI remaining "no" answers. Since there is at most one "yes" answer for each value 
of l, there are at most IEI "yes" answers. Tha t  accounts for all the "no" and "yes" 
answers per circuit. The total  number of queries performed by the algorithm is 

therefore at most ~i=l(IEIICi+ll +21El) , where r* is the number of circuits in 

the final ear decomposition. Since the sets C1, . . . ,  Cr* are disjoint, this sum is 

O(IEI2). The time complexity of O(IEI 3) can be achieved by a straightforward 
implementat ion that  spends t ime O(IE[) per query. | 

6. S i m u l a t i n g  I n d e p e n d e n c e  O r a c l e  w i t h  P o r t  O r a c l e  

Let M be a connected matroid on ground set E and let e be an element of 
E.  It  is easy to show that  a port  oracle of M,  with respect to e, can be efficiently 
simulated via an independence oracle of M: To determine whether a given set 
A contains a circuit containing e, given an independence oracle, build a maximal  
independent subset B of A -  {e} one element at a time. Now A contains a circuit 
containing e if and only if e E A  and BU{e}  is dependent. In this section we show 
that ,  conversely, an independence oracle for M can be simulated in polynomial  t ime 
via a port  oracle of M with respect to e. Tha t  is, given an arbi t rary subset A of E,  
we can determine whether A is independent in M in polynomial t ime using only a 
polynomial  number of port  oracle queries. 
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The algorithm for testing independence of A works as follows. First we con- 
struct an e-based ear decomposition C1, . . . ,  Cm of M. By Lemma 5.1, if A contains 

no lobe of this ear decomposition (that is, Ci - A r 0, for i = 1, . . . ,  m), then A is 
independent in M. Otherwise, the problem is reduced by focusing on the last lobe 

CI contained in A. The following proposition enumerates the three cases in which 
A contains a circuit of M. Algorithmically speaking, the first two cases reduce the 

problem size by at least [CI[. The third is the terminal case. 

Proposition 6.1. Let M be a connected matroid on ground set E, let e E E, and let 
C1, . . . ,  Cm be an e-based ear decomposition o[ M. Let A be a subset o r e  with 

e ~ A. Assume Ci C_ A, for some index i, and let I be the maximum such index. Let 

Ac be the elements o[ A in the same component as e in M/q 
and let 

Then A contains a circuit of M i[ and only i f  one of the following three 
conditions holds: 

1. Ae contains a circuit of M / C  l \ (C/+I U... U Cm); 

2. Ae contains a circuit of M \ (Cl U... [3 Cm); 

3. AeU(C l - C l )  contains a circuit o[ M containing e. 

Proof. ( 3 )  Assume A contains a circuit of M. By Lemma 5.1, every circuit in A 

is contained in E - ( C / + I  U... UCm). First suppose C N C  l =0,  for all circuits C in 

A. Then any circuit C in A is also a circuit of M/ CI \ ( CI + I U . .  "UCm), and is, by 

definition of components, completely contained in either Ae or Ae. In the former 
case, (1) holds, and in the latter case, (2) holds. Now assume A contains some 

circuit C with C N C  l #O. Then, by Lemma 5.1, CI _C C. Thus, C =  C - C  l is a 

circuit of M/CI\(CI+IU. .  'UCm), and by definition of component, C'  is completely 

contained in one component of this minor. It follows that  C I C_ Ae or C I C_ -~e. If 

C~C_ Ae, then (1) holds, and we are finished. Assume C/C Ae. Then C C Ae U Cl. 

Since e ~ C, the circuits C and C t are distinct. Let f E CI C_ CNC/. By strong circuit 
elimination, there is a circuit C" of M containing e and contained in (CUCl ) -{ f} .  

Note that  C t~ C C1 U... U C/. Thus, by minimality of Cl, it follows that  C ~t n Cl = 0. 

Therefore C ' C  (CUCl) - C l  -C-4e U(Cl - C l ) .  That is, (3) holds. 
(r That (1) and (2) both imply A contains a circuit is immediate. Consider 

(3). Let C C -~e U ( C / -  Cl) be a circuit of M containing e. Let f E Cl; by strong 
circuit elimination, M has a circuit C'  containing f and contained in (CUCI)-{e}.  
Since C / cannot be properly contained in Ct, we know that  CIn.4e 50 .  Also, since 

C u C / C  C1U.. 'UCl, minimality of CI implies that  Ct C C t. It follows that  C ' - C  l is 

a circuit of M / C  l \ (C/+1 U.-. UCm). By definition of component, this circuit must 

be entirely contained in -4e. That is, CICfieUCl  CA,  as desired. I 
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Propos i t ion  6.1 yields the following a lgor i thm for tes t ing  independence  of a 

subset  A of E .  Note  tha t  the a lgor i thm includes recursive calls involving minors  of 

the  input  mat ro id .  Execu t ing  these recursive calls requires the  abi l i ty to  s imulate  

a por t  oracle for a minor  of the input  mat ro id ,  using the po r t  oracle for the  inpu t  

mat ro id .  Given subsets X and Y of E - { e } ,  a por t  oracle for minor  M \ X / Y  can 
be s imula ted  using a por t  oracle for M as follows: Given input  set A, query  the 
por t  oracle for M on the  set A U Y .  

Independence Algorithm 
Input: Finite set E, distinguished element e E E, connected matroid M on E given via port 

oracle with respect to e, and subset A of E. 

Output: Answer to the question: Is A independent or dependent in M? 

1. If eEA, then 

Query the port oracle for M on input A. 

If A contains a circuit containing e, then 

return "dependent," 
else remove e from A. 

2. Construct e-based ear decomposition C 1, ..., Cm of M. 

3. I fC i -A~O for all iE{1,.. .m}, then 
return "independent." 

else, let l be the maximum index with Cl C A. 

4. Let M':=M/CI\(CI+IU...UCm ). 
Construct e-based ear decomposition D1, ..., Dp of 

the component of M ~ containing e. 

Let Ae := AN( DI U...U Dp). 
Let 74e := A - ( D l  U...U DpUClU...UCm ). 

5. Query the port oracle for M on input ~4eU(C l -el)" 
If Ae U (C l -Cl) contains a circuit of M containing e, then 

return "dependent." 

6. Recursively run the Independence Algorithm to answer 

the question: Does Ae contain a circuit of 

M" :=M\(CIU...UCm)? 
I f  yes, then 

return "dependent." 

7. Recursively run the Independence Algorithm to answer 

the question: Does Ae contains a circuit of MI? 

If yes, then 

return "dependent." 

8. Return "independent." 

The  above a lgor i thm states  explici t ly how to  compu te  the sets Ae and -4e, 
using the e-based ear decompos i t ion  D1, . . . ,  Dp of the  componen t  of M t conta in ing 
e lement  e. Clearly, the  members  of A conta ined in the union of the  circuits  of this 
ear decompos i t ion  are in the same component  as e in the minor  M I, which is how 
Ae is defined. The  set Ae is the  rest of the members  of A in M I. 



204 COLLETTE R. COULLARD, LISA HELLERSTEIN 

Now let us analyze the computational complexity of the Independence Al- 
gorithm. The algorithm is recursive. Let c(n,m) denote the maximum num- 
ber of calls to the algorithm (the initial call, plus all recursive calls) when it is 
initially run on matroid M -- (E,C)  and set A, where IE[ = n and IAI = m. 
When ]A[ = 0, the algorithm makes no recursive calls, and hence c(n,O) = 1. 
If IE[ = 1, then E = {e} and the algorithm makes no recursive calls. Hence 
c(1,m) = 1. If n > 2 and m _ 1, then the algorithm makes at most two recur- 

sive calls. These calls involve Ae and Ae, which are disjoint subsets of A. They 
also involve proper minors of M, which can have at most [El - 1 elements. Thus 
c(n, m) < 1 + maxo<i<m(c(n - 1, m - i) + c(n - 1, i)). A simple inductive argument 

shows that  c(n, m) <_ max{l, 2mn}, and hence c(n, m) = O(nm) .  

We now analyze the time spent and number of queries made by each recursive 
call (independent of any work caused by further recursive calls). In each recursive 
call, the algorithm constructs at most two ear decompositions, in Steps 2 and 4. 
Constructing an ear decomposition takes O([E] 3) time and induces O([E[ 2) queries. 
Step 1 takes time O([E[) and induces at most one query. In Step 3, checking for 

C i - A r  can easily be done in time O([E[ 2) time per C/, totaling O(]E] 3) overall. 
In Step 5, one oracle query is performed. All other computation performed during 
a recursive call is easily accomplished in time O(]E]3). Thus the total time spent 

per recursive call is O([EI3), and the total number of queries performed per call is 

O(IEI2). 
Since there are O(IEI[A[) total recursive calls, each taking time O(IE] 3) and 

making O(]E[ 2) queries, and [A[ < [E[, the algorithm runs in time O([E] 5) and 

makes O([E[ 4) queries. 

7. Conclusions, Extensions and Open Questions 

We have given an algorithm to compute an ear decomposition of a general 
matroid using a port oracle. The algorithm runs in time polynomial in the number 
of elements of the matroid. We noted in Section 3 that  if the matroid is connected 
and binary, then the ear decomposition uniquely determines the matroid. This 
is not the case for arbitrary connected matroids, or even for arbitrary connected 
ternary matroids. 

In this paper we have considered the problem of learning the port functions 
of binary matroids, but not of matroids representable over fields other than GF[2]. 
However, we have shown that  an independence oracle for an arbitrary connected 
matroid can be simulated in polynomial time by a port oracle. It follows that  the 
port functions of matroids representable over a field :~ can be learned in polynomial 
time with membership queries, provided that there is a polynomial algorithm for 
the following problem: Given an independence oracle for a matroid known to be 
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representable over :~, construct a representation matrix for the matroid. This 
problem is itself interesting. 

In the case of binary matroids, the fundamental circuit matrix of the matroid 
is a representation matrix. The fundamental circuit matrix has the form [IID], 
where I is an identity matrix with rows indexed on some base of the matroid, 
and the columns of D are indexed on the remaining, nonbasic, elements. For each 
nonbasic element f ,  the column of D corresponding to f is the incidence vector of 
Cf  - {f}, where C I is the fundamental circuit of f with respect to the base. It is 

easy to show how to construct the fundamental circuit matrix in polynomial time 
using an independence oracle. (Note that,  since the first algorithm in this paper 
learns binary matroid port functions directly, it is unnecessary to learn them by 
simulating an independence oracle using the port oracle.) 

In the case of ternary matroids, a representation matrix can be obtained via a 
polynomial number of independence oracle queries. One such algorithm is identical 
to a procedure for constructing a totally unimodular real representation of a given 
regular matroid (See, for example, [14], Section 6.6, or [23], Corollary 9.2.7.), and 
proceeds as follows: First construct a fundamental circuit matrix for the matroid. 
The remaining effort involves "signing" the submatrix D, that  is, determining the 
sign for each of the l's. This is done via the adjacency graph G(D) (the bipartite 
graph with node classes indexed on the columns and rows of D, in which two nodes 
are adjacent if the corresponding entry of D is nonzero). The entries corresponding 
to a spanning tree of D are signed +1. The remaining entries are signed in an order 
ensuring that  as entry ij  is being considered, edge ij  is contained in some chordless 
cycle C of G in which all the other edges have already been signed. The sign of ij  
will be whichever provides the correct determinant for the submatrix obtained by 
taking the columns of D corresponding to the column nodes in C, together with 
the columns of I corresponding to the row nodes in C. 

That  the above algorithm works is really equivalent to the unique representabil- 
ity of connected ternary matroids, which was first proved by Brylawski and Lucas 
[6]. Kahn [10] proved a unique-representability result for matroids over the field 
GF[4] and Oxley et al [15] established the extent to which representability over 
GF[5] is unique. For these fields, the definition of uniqueness is more complicated 
than for GF[3], involving field automorphisms, and requiring 3-connectivity. The 
open question here is whether there exists a polynomial algorithm for constructing 
a representation matrix over GF[4] for a 3-connected quaternary matroid, where 
the matroid is given via an independence oracle. The analogous question for GF[5] 
representable matroids is also open. 

Turning to general matroids, it is known that  there are a doubly exponential 
number of matroids on a set of n elements [14], and it easily follows that  there also 
are a doubly exponential number of connected matroids on n elements. Therefore, 
any system for representing arbitrary matroids, or even arbitrary connected ma- 
troids, uses a number of bits exponential in n. Moreover, any oracle algorithm that  
makes a number of queries polynomial in n, and uses an oracle that  answers only 
"yes" or "no", only obtains a polynomial number of bits of information. Thus we 
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cannot hope to find a port oracle algorithm that  outputs in time polynomial in n 
a representation of the arbitrary connected matroid defined by the port  oracle. 

Because there are no compact explicit representations of arbitrary matroids, 
algorithms that take matroids as input typically take them in the form of an 
independence oracle. We have shown that,  for connected matroids, any problem 
that  can be solved in polynomial time given an independence oracle (such as testing 
for graphicness [22]) can be solved in polynomial time given a port  oracle. 

The work in the first part of this paper represents the first use of matroid 
theory techniques in solving computational learning theory problems. As shown by 
this work, matroid techniques can be useful in developing learning algorithms for 
functions based on graphs. 

An open question is whether there exist efficient algorithms for learning gen- 
eralizations of switch configurations. In the switch configurations discussed here, a 
switch can only complete a circuit in one of its two positions. In actual electrical 
wiring, a switch may be able to complete a circuit in either of its two positions, 
by making two different contacts. Such behavior allows the wiring of a room with 
a single bulb and two light switches, where changing the position of either light 
switch changes the state of the bulb. It would be interesting to model and learn 
generalizations of switch configurations which include this behavior. Some simple 
generalizations of this type are easily shown not to be learnable in polynomial time 
with membership queries alone. One generalization includes the class of read-once 
branching programs, for which a learning algorithm has been developed in the more 
powerful membership and equivalence query model [18]. 
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